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Abstract 
Tsaranov has associated to each two-graph a group generated by elements of order 3. He and Seidel 
define a map from trees to two-graphs; the Tsaranov group of a two-graph in the image of this map 
is the even subgroup of the Coxeter group of the tree. In this paper, I will give a simplified account of 
the map, and also settle a question raised by Seidel and Tsaranov, by characterising the two-graphs 
in the image of the map (and also a related class of graphs) by forbidden substructures. I also 
describe a different map from trees to two-graphs, characterise its image by excluded substructures, 
and use this to give an alternative proof of the first characterisation. Connections with Tsaranov and 
Coxeter groups, and with countable homogeneous structures, are briefly described. 
1. Two-graphs and switching classes 
This section describes briefly the well-known bijection between two-graphs and 
switching classes of graphs (For more details, see [SJ.) 
A two-graph is a pair (V, Q), where 52 is a set of 3-element subsets of V with the 
property that any 4-element subset of V contains an even number of members of 52. 
Given a graph r=( V, E), and a subset U of V, the operation rr(U) of switching 
r with respect to U involves replacing all edges from V to V\U by nonedges, and all 
nonedges by edges, leaving adjacencies within U or within V\ U unaltered. Switching 
defines an equivalence relation on the set of all graphs with vertex set V, with 
equivalence classes (called switching classes) of size 2”-l, where n= 1 VI, since 
(a) ~(U)=o(u’) if and only if U’= U or V\U, 
(W ~~I)~UZ)=G’I~~Z). 
Given a graph r = (V, E), let 52 be the set of 3-subsets of V which contain an odd 
number of edges of r. Then (V, CL?) is a two-graph. Every two-graph arises in this way, 
and graphs rI and TZ yield the same two-graph if and only if they lie in the same 
switching class. Thus, there is a bijection between two-graphs and switching classes of 
graphs on V. 
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Given a two-graph (X, Q), and a point x E X, there is a unique graph I-, in the 
switching class in which x is an isolated vertex; y and z are adjacent in rx if and only if 
xyz E 52. 
2. Trees and two-graphs 
With a rooted tree (T, u), there is naturally associated apartial order on the vertices 
of T, with u as least element. Let T(T, u) denote the noncomparability graph of this 
partial order, with u deleted. (Thus x and y are nonadjacent in T(T, u) if and only if the 
path from u to x contains y or vice versa.) Seidel and Tsaranov [6] observe that, if 
suitable identifications are made, then T(T, u) and T(T, w) are equivalent under 
switching, where u and w are any two vertices of T; not every graph in the switching 
class is obtained in this way. 
There is a more direct and natural construction, as follows. 
Let T be a tree. We take X to be the set of edges of T, and d the set of triples of edges 
for which the union of the paths joining them has a trivalent vertex, i.e. none lies 
between the others (Fig. 1). By considering the possible configurations of quadruples 
of edges, we see that (X,Q) is a two-graph (Fig. 2). I will describe this method of 
producing a two-graph from a tree as Construction 1. 
Fig. 1 
I 
Fig. 2 
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The switching class associated with this two-graph is easily described. Take any 
orientation of the edges of T. Then construct the graph with vertex set X, in which 
x and y are adjacent if and only if they are oppositely directed on the path joining 
them (Fig. 3). 
The graphs obtained in this way form a switching class - switching with respect to 
a set U of edges of T corresponds to reversing the orientation of edges in U - and the 
associated two-graph is (X, 52). 
Now, given a vertex v of T, there is a unique orientation in which all the edges point 
towards v, giving rise to the graph T(T, v) in the switching class. 
3. The main theorem 
In this section, I answer a question of Seidel and Tsaranov [6]. The pentagon and 
the hexagon will denote the two-graphs on 5 and 6 vertices whose switching classes 
contain a 5-cycle and a 6-cycle, respectively. 
Theorem 3.1. (i) Let (X, Q) be a two-graph. Then (X, 52) arises from a tree by Construc- 
tion 1 if and only {f it contains neither the pentagon nor the hexagon as induced 
substructures. 
(ii) [f the two-graphs arising from trees T1, T, are isomorphic, then T1 and T, are 
isomorphic. 
Remark 3.2. By (ii), the number of isomorphism types of two-graphs on n points 
which come from trees is equal to the number of trees on n + 1 vertices; this number is 
asymptotically an -512~n, where a= 1.58119 .. ..c=2.95576 ..., a vanishingly small pro- 
portion of the total number of two-graphs (which is asymptotically 2*“‘“-‘j/n!). 
However, the correspondence is not canonical, and so the equality does not hold for 
the numbers of labelled objects. For example the null two-graph on n points comes 
from the path of length n, but the edges on the path can be chosen in any order. 
Proof of the Theorem 3.1. We call a two-graph realisable if it comes from a tree in the 
manner described. The class of realisable two-graphs is closed under taking induced 
substructures. (Given a subset U of the edge set of a tree T, contract all the edges not in 
U to obtain a tree realising the substructure of U.) So, proving the necessity of the 
condition is just a matter of checking trees on 6 and 7 vertices. (This can be simplified, 
using information about two-graphs derived in the argument below.) The proof of 
sufficiency is somewhat longer; we proceed in a number of steps. 
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Step 1 (Reduction): Given a two-graph (X, 52), set x = y (for x, y E X) if either x = y, or 
there is no z E X with xyz E Q. It is immediate from the definition of a two-graph that 
this is an equivalence relation, and even a congruence (i.e. if x E x’, then xyz E 52 if and 
only if x’yz E Q), so that the quotient two-graph (X, fi)=(X, a)/= is defined. This 
quotient is reduced, i.e. the relation = on (X, a) is just equality. Moreover, (X, a) is 
uniquely recoverable from (X, 0) and the sizes of the equivalence classes. Since both 
the pentagon and the hexagon are reduced, (2, a) contains one of them if and only if 
(X, C?) does. 
I claim that it suffices to prove the theorem for reduced two-graphs. For suppose 
that (X, 0) is realised by the tree T. Then (X, Q) is realised by the tree ? obtained by 
subdividing each edge x of T into as many edges as the size of the corresponding 
equivalence class in (X, 52). Moreover, this is the only way to realise (X, 52) ; so part (ii) 
also follows from its truth for reduced two-graphs. 
Remark 3.3. All the noncanonicity in the mapping from trees to two-graphs is 
accounted for by the possibility of rearranging the edges on a path. So we have gained 
the advantage that if (X, Q) is a reduced two-graph containing neither pentagon nor 
hexagon, our task is to recover the tree T uniquely from (X, 52). 
Step 2 (Dejning a metric): From now on, we assume that (X, Sz) is reduced. So, if we 
set Q(x, y)= {z: xyz E Sz}, then sZ(x, y)#@ for all distinct x, y. 
Define a relation z on sZ(x, y) by the rule uzv if and only if, for all t$ {x, y}u 
Q(x, y), xut E 52 if and only if xvt E Q. This is clearly an equivalence relation. Note that 
xut E s2 if and only if yut $ Sz, so the relation does not depend on which of x and y is 
used in its definition. Now we set d(x, y) = number of z -classes in 52(x, y). I do not 
know what the interpretation of d in an arbitrary reduced two-graph is; but, in our 
case, it will turn out to be the obvious metric defined by the tree. 
Step 3 (Betweenness): In any two-graph (X, Sz), if x, y, z are distinct points with xyz 
4 Q, then any point outside {x, y, z} lies none or two of 52(x, y), sZ(y, z) and 52(z, x). The 
key observation is that, under our hypotheses, one of the three pairwise intersections 
is empty. For suppose that u~Q(x, y)nQ(x, z), VE!~(X, y)nQ(y, z), and w~Q(x, z) 
nL?(y, z). A small amount of checking shows that either (x, y, z, U, v, w} is a hexagon, or 
it contains a pentagon. 
No more than one of these intersections can be empty, since (X, Q) is reduced. We say 
that y is between x and z if xyz # Sz and Q(x, z) = Q(x, y)uQ(y, z) (the union being disjoint). 
If y is between x and z, then the x-classes in Q(x, y) are just the E -classes in Q(x, z) 
which are contained in L?(x, y). For, take U, v~Q(x, y). For every t E 52(y, z), we 
find that xut, xut EQ. (If xut $Q, then {x, y, z, u, t} is a pentagon.) Moreover, 
xuy,xvy,x~z,xvz~s2. Thus, the condition in the definition of z holds for all t 4 
{x, y}uQ(x, z) if and only if it h Id f o s or all t $ {x, y}uQ(x, z). Finally, if u EL?(x, y) and 
v~L?(y, z), then y${x, z} uQ(x, z) and xuy~Q, xvy $ 52; so u XV. 
Hence we have: if y is between x and z, then 
4x, Y) + d(y, 4 = 0, 4. 
Two-graphs and uees 61 
We need a few more properties of betweenness: 
(i) If d(x, z)> 1, then there exists y between x and z. 
For let U, UEQ(X, z) lie in different z-classes. By definition, there exists t such that 
xzt $ Sz and just one of xut, xvt belongs to L? Suppose that xut EQ, so that zvt E 52. Then 
UESZ(X, z)nR(x, t), UE!~(X, z)nQ(z,t), and so t is between x and z. 
(ii) If c is between a and d, and b between a and c, then b is between a and d. 
For abd$Q, since otherwise, dg Q(a, b)nQ(a, c), contradicting acd$Q. Now Q(a, 
b)zR(a, c)sSZ(a, d), and this containment is proper; so Q(a, b)uQ(b, d)=S)(a, d). 
(iii) If b is between a and c, c between b and d, then b and c are between a and d. 
We have abc, bcd#Q. If x~Q(b, c), then bcx, acx, bdx, adx EQ and abx, cdx$ Q. Then 
abd, acd 4 R, since otherwise {a, b, c, d, x} is a pentagon. Suppose that b is not between 
a and d. Then (considering x), a is between b and d, and d between a and c. Choose 
y~Q(a, b); then aby, bdy,acy,cdyEQ, ady, bcy$Q. If axyE then {a, b,d,x,y} is a pen- 
tagon; if not, then (a, b,c,x, y} is. 
Step 4 (Neighbows): We call x and y neighbours if d(x, y)= 1. In this step, we 
establish various properties of the neighbour relation. Note that if x and y are 
neighbours, then no point lies between x and y. 
(i) If d(x, z)> 1, then there is a neighbour of x between x and z. 
This is immediate from (i) of step 3; replace z by a point between x and z repeatedly 
until a neighbour of x is reached. 
(ii) If x1, x2 are neighbours, if x~x~zE!~, and d(xl, z)> 1, then there is a common 
neighbour of x1 and x2 between each of them and z. 
As before, it suffices to find a point y between z and each of x1, x2. Choose y between 
x1 and z. Then y could fail to be between x2 and z in either of two ways: 
(a) X~YZEQ, so that x1x2y#R. Choose u~Q(x~, y). Ifx2yUEQ, then {x1, x2, y, z, u} is 
a pentagon. If not, then u, ZE Q(x,, x2), and so u % z (since x1 and x2 are neighbours); 
this is refuted by y$Q(x,, x2), x,yu~Q, xlyz$Q. 
(b) x2yz@Q, but y is not between x2 and z. Since x1 EQ(x~, y)f&‘(x2, z), this implies 
that z is between x2 and y. However, this contradicts (iii) of step 3. 
Write ,Vxy to indicate that x and y are neighbours, nNxy if not. 
(iii) If Jl/^xy and Myz, then JVXZ holds if and only if xyz~Q. 
For, if xyz $52, then one of x, y, z is between the other two, and so not all pairs can be 
neighbours. Conversely, assume that xyz~s2 and nJlrxy. By (ii), there exists w between 
x and z and also between y and z, contradicting Myz. 
(iv) There do not exist w, x, y, z with Mwx, Jfwy, Mwz, .,Vxy, Mxz but nJlryz. For 
suppose so. Then wxy, wxz E Q, wyz, xyz 4 Q. Then w is between y and z (since it is the 
neighbour of each), and x EQ(w, y), so x~Q(y, z), a contradiction. 
(v) There do not exist w, x, y, z with JJwx, ~Vwy, Mwz but nJlrxy, n.Afxz, and nMyz. 
For suppose so. Then wxy, wxz, wyz, xyz $ Q; w is between x and y, x and z, and 
y and z. Suppose that y is between x and z. Choose UE~(W, y). Then u$Q(w, x) and 
u$fi(w, z); so UEfi(X, J+wY, z), u#Q( x z , contradicting the supposition. , ) 
Step 5 (Graph r): A neighbour clique is a maximal set of points, any two of which are 
neighbours. From step 4, any neighbour clique has at least three points, any point lies 
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in at most two neighbour cliques, and any pair of neighbours in a unique neighbour 
clique. 
The graph r is defined as follows: The vertices are of two types, the neighbour 
cliques and the singletons {x} for which x lies in only one neighbour clique. The edge 
set is X. Incidence between vertices and edges is reversed membership. From the 
preceding paragraph, r is a graph, with no vertices of valency 2. 
Step 6: r is a tree. 
By step 4, any two edges x and y are joined by a path of length d(x, y), so r is 
connected. Conversely, if x and y are joined by a path of length n, in which edges two 
steps apart are not neighbours, then d(x, y) = II. This is proved by induction on n, the 
cases n62 being trivial. So suppose that x=x0, x1, . . . . x,=y is such a path, and 
assume the result for shorter paths. By induction, x 1 is between x0 and x, _ i, and x, _ 1 
between x1 and x,; so x1 is between x0 and x,, by (iii) of step 4; and 
d(x0, x,)=d(xo, x1)+d(x,, x,)=n. 
So r has the property that the length of any two reduced paths between two edges 
x and y are the same (where a path is reduced if no three successive edges share 
a vertex). This implies that r is a tree, since in any cycle we can find two edges for 
which this condition fails. 
Step 7: (X, 52) is the two-graph derived from r. This is obvious, because the edge set 
is X, and xyz~52 if and only if no one of x, y, z lies between the other two. (We now 
know that betweenness has the correct meaning in the tree r.) 
This completes the proof of the theorem. 0 
4. A characterisation of the graphs r (7’, u) 
In this section, I give a similar but easier theorem characterising the graphs T(T, u) 
by forbidden subgraphs. This was also found bjr Graham Weetman. 
Theorem 4.1. (i) A graph r is isomorphic to r( T, v) fir some rooted tree (T, v) ifand only 
ifr contains neither two disjoint edges nor a path of length 3 as induced subgraph. 
(ii) 1f (T,, ul) and (T,, v2) are rooted trees for which r( T1, vl), and T(T,, v2) are 
isomorphic, then (T,, vl) and (Tz, v2) are isomorphic. 
Remark 4.2. Rooted trees are isomorphic if there is an isomorphism from one tree to 
the other carrying the root of the first to the root of the second. Once again, the 
isomorphism in (ii) is not canonical. 
Proof. The argument is direct, and is much easier than Theorem 3.1. Note that, if xy is 
an edge in I’( T, u) and xz, yz are nonedges, then z lies on the paths from v to x and to y. 
So, if either xy and zw are independent edges, or {x, y, z, w} is a path of length 3, then 
we have both w lying between v and x, and x between v and w, a contradiction. So the 
condition is necessary. 
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So let r be a graph containing neither a path of length 3 nor two independent edges 
as induced subgraph; assume inductively that any smaller graph with this property is 
T(T, u) for some (r, u). 
Suppose first that r is disconnected. Since it has no two independent edges, every 
component save (possibly) one is a single vertex. Now the remaining component r’ is 
isomorphic to some r( T’, v’); then r is isomorphic to r( T, II), where T is obtained from 
T’ by adjoining a path of length n at v’ whose other end is v, where n is the number of 
components different from r’. 
Otherwise, r is connected. We use a well-known property of graphs with no path of 
length 3, or so-called N-free graphs (see [2] for accounts of this): 1fan N-free graph is 
connected, then its complement is disconnected. 
Let l-i, . ., rn be the induced subgraphs of r on the connected components of its 
complement, and let Ti = r( Ti, Vi) for i = 1, . . . , n. Then T=T(T, u), where (T, u) is 
obtained from the disjoint union of the (Ti, Vi) by identifying all the roots vi and calling 
this common vertex U. 
The uniqueness of the construction (apart from the order of the edges in the ‘tail’ in 
the disconnected case) also proves (ii). 
5. A second construction 
Construction 2, described in this section, defines another map from trees (with some 
extra structure) to two-graphs. 
Let T be a tree in which the internal vertices (those of degree greater than 1) 
are coloured with two colours, say black and white. (Such a structure is called 
a C-tree.) Let X be the set of end vertices of T (those of degree l), and s2 the set of 
triples xyz of members of X for which the paths joining x,y and z meet at a black 
vertex. It is readily seen that (X, s2) is a two-graph. This construction will be referred to 
as Construction 2. 
Note that interchanging the colours black and white gives the complementary 
two-graph. 
The C-tree giving rise to a fixed two-graph is not unique, for two reasons: 
(i) divalent vertices have no effect on the two-graph, and may be suppressed, i.e. 
only the topology of the tree is significant; 
(ii) an edge joining two internal vertices of the same colour may be contracted, i.e. 
we can assume that we have a proper colouring. 
We call a C-tree reduced if neither of the operations (i) and (ii) can be applied to it. It is 
easy to see that a unique reduced C-tree can be obtained from any given C-tree by 
these operations. 
Since a tree is bipartite and connected, it has a unique proper 2-colouring; thus, 
a tree with no divalent vertices carries just two reduced C-tree structures, and 
corresponds to a unique complementary pair of two-graphs. 
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Suppose that a two-graph (X, s2) arises from a C-tree T by Construction 2. Then 
any induced substructure (X’, Sz’) of (X, Q) also arises from a C-tree T’, obtained as 
the union of the paths joining vertices of X’ in T. Note, however, that T’ need not be 
reduced, even if T is. 
Theorem 5.1. (i) A two-graph arises from a C-tree by Construction 2 if and only if it 
does not contain a pentagon as induced substructure. 
(ii) Reduced C-trees which give isomorphic two-graphs by Construction 2 are themsel- 
ves isomorphic. 
Remark 5.2. A version of this theorem is given in [l], but no detailed proof is given 
there. 
Proof of Theorem 5.1. Our remarks above about induced substructures, together with 
the fact that the pentagon is not realised in this way (which requires inspection of just 
three trees), proves the ‘only if’ part. We establish the converse implication and the 
uniqueness. 
Given a two-graph (X, Sz) and a point x of X, let rx be the unique graph in the 
corresponding switching class for which x is an isolated vertex (see section 2). Now 
a pentagon can be switched into a path of length 3 and an isolated vertex. So, if (X, Q) 
is pentagon free, then for any x E X, rx is N-free (as defined in section 4). Again we use 
the fact mentioned there: an N-free graph on more than one vertex has the property 
that it or its complement is disconnected. This property means that N-free graphs can 
be built up in a ‘tree-like’ fashion. The proof of the theorem will be by induction: it is 
clearly true for two-graphs with at most two points. 
We start building our tree as follows. Take an end vertex x, joined (if /XI> 2) to an 
internal vertex a coloured black or white accoqding as rx is connected or not. The 
remaining edges through a are in l-l correspondence with the components of rx or its 
complement, and each is attached to a subtree corresponding to the induced subgraph 
on this set. (By induction, these subtrees exist and are unique; and our construction of 
a is also forced.) 
This construction produces a reduced C-tree T with the property that, for all y, 
z#x, the paths joining x, y and z meet at a black vertex if and only if xyz E L? 
Moreover, T is the unique reduced C-tree with this property. 
Finally, let y, z, w be three vertices different from x. Then yzw E Q if and only if an 
odd number of xyz, xyw and yzw belong to 52. There are two cases, up to permutation 
(Fig. 4): 
(i) The paths joining x, y, z, w meet at a single vertex a. Then none or all 
of xyz, xyw, xzw lies in 52, depending on the colour of a; so yzw is correctly 
determined. 
(ii) The other case shown in Fig. 4 is dealt with by an enumeration of cases in the 
same style. 
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The proof establishes the following result. 
Corollary 5.3. Let (X, 52) be a two-graph, and for x E X let rx be the graph in its 
switching class for which x is isolated. Then the following are equivalent: 
(i) l-X is N-free for some x E X, 
(ii) Tr is N-free for all x EX, 
(iii) (X, Q) is pentagon-free. 
The hexagon two-graph is realised by the C-tree of Fig. 5. Using this, we can give an 
alternative proof of Theorem 3.1, as follows. 
Let (X, Sz) be a two-graph containing no pentagon or hexagon. By Theorem 3, there 
is a unique reduced C-tree T realizing (X, 52) by Construction 2; and, if a is any white 
vertex of T, then a has at most two black neighbours (see Fig. 5). We proceed by 
induction. We may assume that there is at least one internal vertex of each colour. 
Suppose first that there is a white vertex a with one black neighbour b. Then a is 
also joined to some end-vertices x1, . . . , x, (r32). Let T’ be the C-tree in which 
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x1, . . . , x, are removed from T and a is replaced by an end vertex x. By induction, the 
corresponding two-graph is realised as the edge set of a tree by Construction 1, in 
which x is a pendant edge. Now it is easily checked that, if we subdivide x into Y edges, 
we obtain a tree realising (X, 52). 
end 
Similarly, if a is a white vertex joined to two black vertices bl, b2, and r end vertices 
x1, . . . , x, (Y B l), we obtain two smaller trees T,, T, by removing a, xi, . . ., x, and 
adding an end vertex x adjacent to bi, bZ, respectively. By induction, both of the 
corresponding two-graphs have Construction 1 realisations with x as a pendant edge. 
If we identify the two copies of x so that it forms a bridge between the two trees, and 
then subdivide it into r edges (if Y > l), we obtain a Construction 1 realisation of (X, Q). 
Problem 5.4. What is the relationship between the two trees which realise a given 
pentagon- and hexagon-free two-graph (by the two constructions)? 
6. Connection with group presentations 
Tsaranov [7] associated to any graph a finitely presented group whose generators 
are the vertices of the graph, each generator having order 3, and subject to the 
additional relations (uw-~)~ = 1 for every edge {u, w} and (uw)” = 1 for every nonedge 
{u, w}. The switching operation rr( U) is realised by replacing each generator in U by its 
inverse. Thus, the group is an invariant of the switching class, and hence of the 
corresponding two-graph (X, Sz). We denote it by Ts(X, Q). 
The construction is reminiscent of that of the Coxeter group Cox(T) of a graph r, 
whose generators correspond to the vertices of I’, each generator having order 2, and 
subject to the additional relations (vw)~ = 1 for each edge (u, w}, (VW)’ = 1 for each 
nonedge. Surprisingly, there is a much closer connection [6]. In Cox(T), the elements 
which are products of an even number of generators form a normal subgroup 
Cox+(T) of index 2. 
Proposition 6.1. Zf (X, Q) arises from a tree T by Construction 1, then Ts(X, Sz) 
zCox+(T). 
In view of Theorem 3.1, it is interesting to study the Tsaranov groups of the two 
excluded two-graphs, the pentagon and the hexagon. It is known [7] that Ts 
(pentagon) is the simple group of order 25920, which happens to be Cox+(E,) (where 
E6 is the familiar Dynkin diagram). However, Ts(hexagon) is an infinite group whose 
(rather complicated) structure has recently been determined by Felsch et al. [3]. I had 
hoped that Construction 2 might throw some light on this, but I have been unable to 
find a group-theoretic equivalent of this construction. 
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7. Homogeneous structures 
The purpose of the paper of Cameron [l] was to give constructions of some 
countable homogeneous relational structures, with interesting automorphism groups, 
from trees and related objects. Construction 1 of this paper gives a new example. 
A brief account follows. 
The age of a countable relational structure M is the class of finite structures 
isomorphic to induced substructures of M. The structure M is homogeneous if every 
isomorphism between finite substructures of M extends to an automorphism of M. 
A class d of finite structures has the amalgamation property if, whenever B,, B2 are 
structures in & having a common substructure A, there is a structure C E & in which 
B1 and B2 are embeddable so that their intersection includes A. Frai’sse [4] gave 
a necessary and sufficient condition for a class & to be the age of a countable 
homogeneous structure M: the conditions are that & is closed under isomorphism, 
closed under taking substructures, contains only countably many nonisomorphic 
members, and has the amalgamation property. (In practice, all of these except the last 
are trivial to check.) Moreover, if these conditions are satisfied, then M is unique up to 
isomorphism. 
The class of pentagon- and hexagon-free two-graphs does not have the amalgama- 
tion property; it can be restored by an argument similar to that of [2]. 
Let ~2 be the class of finite structures defined as follows. The point set X of an 
&-structure is the edge set of a finite tree T. ~4 carries two ternary relations, namely 
the two-graph given by Construction 1, and the obvious ‘betweenness’ /3. (Strictly, the 
two-graph is unnecessary, since it consists of all triples on which no instance of 
p holds.) Structures in J&’ can be axiomatised as follows: 
(i) Sz is the set of triples on which no instance of fi holds, 
(ii) 52 is a two-graph containing no induced pentagon or hexagon, 
(iii) the restriction of /I to a set containing no triples of Q is the betweenness relation 
derived from some linear order of that set, 
(iv) every instance of the betweenness relation derived from Q satisfies /3. (That is, if 
abc $52 and abx, acx, acy, bcy E 52 for some x, y, then b is between a and c.) Essentially, 
/3 makes all decisions about the order of edges on a path which are not forced by s2. 
Proposition 7.1. The class ~2 dejined above has the amalgamation property. 
The proof is left to the reader. 
Remark 7.2. If M is the countable homogeneous structure with age d, then the 
number of orbits of Aut(M) on n-sets (resp. n-tuples of distinct elements) is equal to the 
number of isomorphism classes of trees with n edges (resp. trees with II labelled edges). 
The latter is (n + l)n-* for n > 1, by Cayley’s celebrated formula. The former number, 
like most of the examples in [l], grows exponentially with n. Note that Aut(M) is 
2-transitive. 
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In a similar way, the amalgamation property can be restored to the class of 
pentagon-free two-graphs by adding a quaternary relation; see [l]. 
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